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The analytical and numerical modeling of the structural response of a prismatic metal sandwich tube
subjected to internal moving pressure loading is investigated in this paper. The prismatic core is equiv-
alent to homogeneous and cylindrical orthotropic solids via homogenization procedure. The sandwich
tube with the ‘‘effective” homogenized core is modeled using multi-layer sandwich theory considering
the effects of transverse shear deformation and compressibility of the core; moreover, the solutions
are obtained by using the precise integration method. Several dynamic elastic ﬁnite element (FE) simu-
lations are carried out to obtain the structural response of the tube to shock loading moving at different
velocities. The comparison between analytic solutions and FE simulations demonstrates that the tran-
sient analytical model, based on the proposed sandwich model, is capable of predicting the critical veloc-
ity and the dynamic structural response of the sandwich tube with the ‘‘effective” homogenized core with
a high degree of accuracy. In addition, the critical velocity predicted using FE simulations of the complete
model is not in agreement with that of the effective model. However, the structural response and the
maximum ampliﬁcation factors obtained using FE simulations of the complete model are nearly similar
to that of the effective model, when the shock loading moves at the critical velocity. The inﬂuences of the
relative density on the structural response are studied, and the capabilities of load bearing for sandwich
tubes with different cores are compared with each other and with the monolithic tube. The results indi-
cate that Kagome and triangle-6 are preferred among ﬁve topologies.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Pulse detonation engine (PDE) is a type of propulsion system
that has the potential to be compact and powerful, and can operate
from subsonic up to hypersonic speeds. Most investigations focus
on concepts of PDE, and the applications are rare. It is reported that
the ﬁrst application to aircraft took place at the Mojave Air and
Space Port on January 31, 2008 (Norris, 2008). The fundamental re-
searches of the detonation propagation mechanisms are exten-
sively studied by Shepherd (2005). A schematic diagram of a
detonation tube is shown in Fig. 1 (Beltman and Shepherd, 2002).
The internal wall of the tube of PDE is subjected to the shock wave
moving at a nearly constant speed close to the Chapman–Jouguet
(CJ) velocity with a range from 1500 to 3000 m/s. The temperatures
of the combustion products are close to 2000–3000 K (Shepherd,
2006). The structural responses of the PDE tubes subjected to the
shock loading and detonation loading are investigated by Beltmanll rights reserved.
gineering Mechanics, North-
hina. Tel.: +86 29 88492157;
eifan@nwpu.edu.cn (Z. Deng).et al. (1999) and Beltman and Shepherd (1998), respectively. Fur-
ther more, the transient model for the tubes is developed by Mir-
zaei et al. (2005) and Mirzaei et al. (2006), and more accurate
structural responses are obtained.
Two-dimension prismatic cellular materials or honeycomb
materials are extensively used as lightweight structural elements
(Valdevit et al., 2004; Liu et al., 2007), and efﬁcient energy absorp-
tion parts (Zhang and Cheng, 2007), or used in heat transfer devices
(Lu, 1998; Wen et al., 2006). An overview of the mechanical and
thermal properties of cellular materials has been comprehensively
outlined in prior assessments (Gibson and Ashby,1997; Evans et al.,
2001; Wang et al., 2005). Considering the high efﬁciency of the
prismatic cellular materials in load bearing combined with active
cooling, it may be a novel idea that the prismatic cellular materials
are used as the core of sandwich tubes for PDE tubes. Although
prismatic cellular materials are designed as the combustor liners
of next-generation gas turbine engines by Seepersad et al. (2006),
to the best of author’s knowledge, there is no attempt to apply cel-
lular materials to the design of PDE tubes. The structural response
of the sandwich cylinders subjected to the internal pressure and
axial force is investigated via elastic solution by Kardomateas
(2001); however the investigations on the structural response of
Fig. 1. Schematic of a detonation tube facility (Beltman and Shepherd, 2002).
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are rather scanty.
In present paper, we focus on the dynamic structural response
of the prismatic metal sandwich tube to internal shock loading.
As the monolithic metal tube subjected to moving loading, the dy-
namic structural response of the sandwich tube can greatly exceed
the equivalent static one, when the shock loading moving at the
critical velocity. In order to analyze the structural response, the
effective elastic constants of the prismatic core (or the stiffness
matrix in present paper) should be obtained ﬁrst. Generally, the
effective stiffness matrix is obtained via homogenization methods,
such as direct homogenization method based on the equilibrium of
represent volume element (RVE) (Hohe and Becker, 2001;Liu et al.,
2007), and two-scale expansion method (Hassani and Hinton,
1998). The direct method is much more concise than the two-scale
expansion method, thus the former is utilized to obtain the effec-
tive stiffness matrix in present paper. Then the structural model
of the sandwich tube with the ‘‘effective” homogenized core is con-
structed. Structural modeling of sandwich structures has been
investigated extensively, as illustrated in two reviews (Burton
and Noor, 1995; Hohe and Librescu, 2004). In the classical sand-
wich construction, the cores are oriented in such a way that the
out-plane direction (or the ‘‘stiff” direction) coincides with the
structure normal direction. However, according to the special ac-
tive cooling requirement, the out-plane direction (or the extrusion
direction (Wang et al., 2005)) must be parallel to the axial direction
of the tube to afford facilities for the forced ﬂuid convection with
the open and continuous channels. The dynamic responses of the
ﬂat and curved sandwich shell to blast loading are studied using
a linear sandwich structure model by Librescu et al. (2006) and
Hause and Librescu (2007), respectively. In that model, the com-
pressibility of the core is not considered. This may be because
the ‘‘stiff” orientation of cores coincides with the structure normal
direction. However, in the high order model by Hohe and Librescu
(2003), the compressibility is considered. In present study, the
‘‘stiff” orientation is parallel to axial direction of tubes, and the
‘‘weak” orientation coincides with the transverse normal direction,
which allows a large amount of compression of the core. The com-
pressibility will be very important for the core with the special ori-
entation. Therefore, the multi-layer model considering the
compressibility of the core and the effects of transverse shear
deformation is employed. Both the steady state model (Simkins,
1994) and the transient analytical model are on the basis of the
above sandwich model. The ﬁnite element simulations are carried
out by commercial soft ware ABAQUS, which are used to validate
the efﬁciencies of the effective stiffness matrix, and to obtain the
more realistic dynamic structural response of the sandwich tube
to the shock loading moving at different velocities. Inﬂuences of
the relative density on the structural response are discussed. The
capabilities of load bearing for sandwich tubes are compared with
each other, and with the monolithic tube, in order to ﬁnd the best
topology of the unit cell of the core.
The outline of this paper is as follows: the effective stiff matrix
of the prismatic core is obtained by the homogenization procedure,which is introduced in Section 2. Structural modeling of the sand-
wich tube with the ‘‘effective” homogenized core is constructed in
Section 3. In Section 4, the FE simulations method is presented.
Finally, the validity and accuracy of the effective model are
conﬁrmed, and the critical velocity and dynamic structural
response are obtained.
2. Homogenization of the prismatic core
Consider a long, hollow and sandwich-walled sandwich cylin-
der as shown in Fig. 2. The inner face sheet is subjected to internal
moving uniform pressure. The problem will be dealt with in the
system of cylindrical coordinate xhz with the origin ﬁxed on the
middle plane of the core as shown in Fig. 2b. The inner and outer
radius are represented as Ri and Ro, respectively. The thickness of
the top face sheet is equal to that of the bottom face sheet, hf,
and the face sheets are made from the same isotropic materials.
We assume that the cross-section of the core is revolving periodic
in a basic unit cell and contains 32 cells. The unit cells with differ-
ent topologies are illustrated in Fig. 3. The unit cell wall and the
face sheets are of uniform materials. The thickness of the core is hc.
To analyze the elastic dynamic structural response of the sand-
wich tubes, the prismatic cores are equivalent to 3D homogeneous
anisotropic solids ﬁrstly via homogenization procedure, as elabo-
rated below.
2.1. General concept of homogenization method
Consider an elastic medium X consisting of periodic cellular
materials (in present paper, the prismatic core consisting of re-
volving periodic unit cells is considered, as illustrated in
Fig. 4a). The dimension of the unit cell is relatively small com-
paring with the full-scale structure. The medium X can be re-
placed by an effective medium X* with the same domain and
subjected to the same boundary conditions (Hohe and Becker,
2001), as shown in Fig. 4d. The medium X* is homogenous but
with unknown elastic constitutive relations. To obtain the effec-
tive elastic constitutive relations, the representative volume ele-
ment (RVE, or unit cell in this paper, as shown in Fig. 4b) of X
and the corresponding one (Fig. 4c) of X* are considered. The
elastic mechanical behavior of both unit cells should be equiva-
lent on the macroscopic level, in other words, the strain energy
of both unit cells caused by equivalent strain states are equal
(Hohe and Becker, 2001).
Following the notations of continuum mechanics, let r and e
donate the microscopic stress tensor and microscopic strain tensor,
and let R and E donate the macroscopic stress tensor and macro-
scopic strain tensor. According to Hill (1963) and Liu et al.
(2007), the micro–macro relationship can be represented as
E ¼ heiV ¼
1
V
Z
V
edV ð1Þ
R ¼ hriV ¼
1
V
Z
V
rdV ð2Þ
Fig. 3. Schematic diagram of the unite cells of prismatic cores: (a) rectangular, (b) diamond, (c) triangle cell with six connectivity, (d) triangle cell with eight connectivity, (e)
Kagome.
Fig. 4. RVE of the prismatic core.
Fig. 2. Schematic diagram of a sandwich tube showing coordinate system.
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of the unit cell is unity in the axial direction (or the x direction in
Fig. 2b). hiV represents volume averaging. For the statically admis-
sible stress ﬁeld r and the kinematically admissible strain ﬁeld e,
the macro-homogeneity equality of Hill (1963) dictates that the
strain energy stored in both unit cells has to be equal, i.e.,
R  E ¼ hr  eiV ¼
1
V
Z
V
r  edV ð3Þ
whereREV and RV r  edVare the strain energy stored in the unit cell
of the effective medium and the cellular material, respectively. Let
e* denotes the macroscopic engineering stress vector, which is de-
ﬁned ase ¼ e11 e22 e33 c13 c23 c12ð ÞT ¼ E11 E22 E33 2E13 2E23 2E12ð ÞT
ð4Þ
The strain energy of the effective medium caused by the macro-
scopic strain states is represented as
U0 ¼
1
2
eCHe ð5Þ
where U0 and C
H are the strain energy density and stiffness matrix
of the effective medium, respectively. Then Eq. (3) can be rewritten
as
U0 ¼
U
V
¼
eU
V
ð6Þ
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medium and the cellular material caused by the same macroscopic
strain states, respectively. eU ¼ RV r  edV is obtained using structure
analyses in next section. For the linear elastic medium, the stress-
strain relations can be obtained by
CHijkl ¼
@2U0
@eij@ekl
ð7Þ2.2. Structure analyses of unit cell of the prismatic core
For the unit cell of the prismatic core (Fig. 5), the strain energy
is determined according to Hohe and Becker (2001). A local coordi-
nate system ~xi is introduced, as illustrated in Fig. 5c. The unit cell is
split up into individual cell wall elements (called ‘‘elements” for
short) connected at nodes. Determination of the strain energy for
each element is carried out ﬁrstly. Then the strain energy of the
unit cell is calculated as the sum of the total strain energy of all ele-
ments. Since the ratio of the length of the curved elements to that
of the corresponding chord is 1/0.9984 when the central angle is
p/32, the curved elements can be replaced by the corresponding
chord (straight element). The displacement ﬁeld of the ith element
is illustrated in Fig. 5d, where vi,j and ~v i;j denote the displacements
of the ith node with respect to j-direction in the global coordinate
system xi (i.e., the cylindrical coordinate system rhk) and the local
coordinate system ~xi, respectively.
The displacement ﬁeld of the element is a linear interpolation
function with respect to the displacements of nodes. According to
HoheandBecker (2001), thedisplacementﬁeldconsists of threeparts:Fig. 5. (a) Unit cell of the prismatic core, (b) dimension and coordinate system of the uni
the element.(1) Homogenous normal deformation in the ~x1  ~x3 plane
~u11 ¼ ~v1;1 þ
~v2;1~v1;1
l
~x1
~u12 ¼  m1m
~v2;1~v1;1
l þ e33
 
~x2 ¼  m1m
~v2;1~v1;1
l þ E33
 
~x2
~u13 ¼ e33~x3 ¼ E33~x3
ð8Þ
where m is Poisson’s ratio of cell wall material, e33 is the macro-
scopic strain with respect to x3 direction.
(2) Bending deformation in the ~x1  ~x2 plane (Bernoulli beam
model)
~u22 ¼ 1EI ðC1~x31 þ C2~x21 þ C3~xþ1 C4Þ
~u21 ¼ 
d~u22
d~x1
~x2 ¼  1EI ð3C1~x21 þ 2C2~x1 þ C3Þ~x2
~u23 ¼ 0
ð9Þ
where E is the Young’s modulus of the wall cell material.
C1 ¼ 2 EIl2
~v2;2~v1;2
l
 
, C2 ¼ 3 EIl
~v2;2~v1;2
l
 
, C3 = 0, C4 ¼ EI~v1;2, I ¼ t3c=12.
(3) Homogenous shear deformation in the ~x1  ~x3 plane~u31 ¼ 0
~u32 ¼ 0
~u33 ¼ ~v1;3 þ
~v2;3~v1;3
l
~x1
ð10Þ
The total displacement ﬁeld can be calculated as ~ui ¼ ~u1i þ ~u2i þ ~u3i .
The strain vector e of the element can be calculated using the
strain–displacement relations, i.e., ~eij ¼ 12 @
~ui
@xj
þ @~uj
@xi
 
. The engineering
strain of the element can be represented ast cell, (e) element in the local and global coordinate system, (f) the displacements of
2358 J. Zhou et al. / International Journal of Solids and Structures 46 (2009) 2354–2371e ¼ e11 e22 e33 ec23 ec13 ec12 T
¼ e11 e22 e33 2e23 2e13 2e12 T ð11Þ
Therefore, the strain energy stored in the element is
eUi ¼ Z Z Z
Vi
1
2
eTDedVi ð12Þ
where Vi is the volume of the element, and D is the stiffness matrix
of the element. The total stain energy stored in the unit cell with n
elements can be calculated by
eU ¼Xn
i¼1
eUi ð13Þ
According to the small strain kinematics analysis (Liu et al., 2006),
the distance L between two nodes after deformation is approxi-
mately equal to that before deformation, i.e.,
Ln ¼ lFn0 ð14Þ
where l is the distance between two nodes before deformation, n
and n0 is the unit vector (or direction vector) of the line between
two nodes, as shown in Fig. 6. F is the deformation gradient. To
avoid rigid motion, one node is ﬁxed. The displacement of the end
node is represented as
D ¼ Dn1 ¼ Ln ln0 ¼ ðF IÞln0 ¼ lEn0 ð15Þ
where E is the macroscopic Green tensor,D is the displacement vec-
tor of the end node. D is the distance between the end nodes beforeFig. 6. Small kinematics of the un
Fig. 7. The elements and nodal points in the unit cell. Note that the arrow in the table d
local coordinate system.deformation (point B) and after deformation (point B0) (Fig. 6).
Relations between the displacement vectors of the nodes of the ele-
ments and the macroscopic strain tensor are constructed until now.
The elements and nodes in the unit cell are illustrated in Fig. 7.
The notations, o(0,0,0) and ciðxi1; xi2;0Þ, denote the origin and the ith
node in the global cylindrical coordinate, respectively. The initial
direction vector of the line between node o and node ci is repre-
sented as
noi ¼ ðni;1;ni;2; ni;3ÞT ¼ x
i
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðxi1Þ2 þ ðxi2Þ2
q xi2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðxi1Þ2 þ ðxi2Þ2
q 0
0B@
1CA
T
ð16Þ
To avoid rigid motion, the origin of the coordinate system is ﬁxed,
i.e.,
vo;1 ¼ 0; vo;2 ¼ 0; vo;3 ¼ 0 ð17Þ
According to Eq. (15), the relation between the displacement of the
ith node and the macroscopic strain tensor are given by
vi ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðxi1Þ2 þ ðxi2Þ2
q
Enoi ð18Þ
Up to now, the relations between the displacement vectors of the
nodes in the global coordinate system and the macroscopic strain
tensor are constructed. Each element consists of two nodes, for
example, the ﬁrst element in Fig. 7 consists of node 6 and node 2,it cell with tow nodal points.
onates the direction of the element, which is consistent with the 1-direction in the
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The displacements in local coordinate system can be written asev1 ¼ Tv6 ð19Þev2 ¼ Tv2 ð20Þ
where T is the transformation matrix form global coordinate system
to local coordinate system. Substituting Eqs. (19) and (20) into Eqs.
(8)–(12), the strain energy stored in the ﬁrst element is obtained.
Then the strain energy stored in each element can be obtained using
the same method, and the total strain energy stored in the unit cell
can be calculated as the sum of the total strain energy of all ele-
ments (i.e., Eq. (13)). Substituting the expression of the strain en-
ergy of the unit cell eU into Eqs. (6) and (7), the stiffness matrix of
the effective medium is obtained. The relationships between the
stiffness coefﬁcients in the coordinate system xi and in the coordi-
nate system rhk (or the coordinate system zhx in Fig. 2b) are shown
in Table 1.
3. Formulation of a thick sandwich shell theory
3.1. Kinematics relations
By using the method mentioned in Section 2, the prismatic
sandwich core can be regarded as an equivalent 3D anisotropic
medium so that the effective sandwich structural model, as given
in Fig. 2b, can be employed for structural analysis. For the sake
of identiﬁcation, let (uix, u
i
h, u
i
z) denote displacements in global
coordinates (x, h, z), in which superscript i stands for the ith layer
of a sandwich shell for i = t for the top face (or outer face), i = b
for the bottom face (or inner face), and i = c for the core. For the
case of axially symmetric deformations, as shown in Fig. 2b, both
uih and @u
i
k=@h (k = x,h,z) equal to zero. Toward the foundation of
the linear theory of the sandwich shell with the core having the
special orientation mentioned in Section 1, following assumptions
will be employed.
(1) Considering the large mount of compression of the core
resulting from the special orientation, that is, the ‘‘weak”
direction of the core coincides with the transverse normal
direction of the sandwich shell; the compressibility of the
sandwich core is adopted.
(2) In present study, the ‘‘stiff” direction of the core coincides
with the axial direction of the sandwich tube; as a conse-
quence, the core layer is capable of carrying bending and
transverse shear.
(3) Both the face sheet and sandwich core are perfectly bonded.
In addition, it should be noted that the modeling for the sec-
ond segment of the experimental facility (Fig. 1) is implemented
only. This is because the actual loading proﬁle would be close to
the ideal proﬁle while it passes through the second segment
(Mirzaei et al., 2006). Furthermore, according to the speciﬁc de-
sign of the ﬂanges and keys connecting two segments (BeltmanTable 1
Relationships between the stiffness coefﬁcients in coordinate system xi and in
coordinate system zhx.
Coordinate system Stiffness coefﬁcients
zhx Cxxxx Cxxhh Cxxzz Cxxhz Cxxxz Cxxxh Chhhh
xi C3333 C3311 C3322 C3312 C3323 C3313 C1111
zhx Chhzz Chhhz Chhxz Chhxh Czzzz Czzhz Czzxz
xi C1122 C1112 C1123 C1113 C2222 C2212 C2223
zhx Czzxh Chzhz Chzxz Chzxh Cxzxz Cxzxh Cxhxh
xi C2213 C1212 C2312 C1312 C2323 C2313 C1313and Shepherd, 1998; Mirzaei et al., 2006), the slopes exist but
deﬂections and moments are zero at the connections. Hence,
the boundary condition can be regarded as simple support.
As a result of the assumptions, the ﬁrst-order shear deformation
theory is applied to the face sheets, and the {2,1}-order theory is
adopted (Hohe and Librescu, 2004) for the core. The displacements
of the core and the faces should be equal at both interfaces to sat-
isfy the continuity requirements. Therefore, the displacement
ﬁelds will be approximated by:
In the top face sheet:
utx ¼ ðua þ udÞ þ z ðhfþhcÞ2
h i
ðuax þudxÞ
utz ¼ ðwa þwdÞ
8<: ð21Þ
In the core:
ucx ¼ ua  hf2 udx
 
þ z 2hc ud 
hf
hc
uax
 
þ 4z2
h2c
 1
 
/
ucz ¼ wa þ z 2hc wd
8<: ð22Þ
In the bottom face sheet:
ubx ¼ ðua  udÞ þ zþ ðhfþhcÞ2
h i
ðuax udxÞ
ubz ¼ ðwa wdÞ
8<: ð23Þ
where
ua wa uaxf g ¼ 12 ðut þ ubÞ ðwt þwbÞ ðutx þubxÞ
 
ud wd udx
  ¼ 12 ðut  ubÞ ðwt wbÞ ðutx ubxÞ 
(
ð24Þ
where ui and wi are the displacement components on the middle
surface of each layer, uix is the angle of rotation of a cross section
in x  z plane of each layer, / is the displacement function describ-
ing the warping of the core that depends on the spatial position x
within the middle plane of the core.
3.2. Governing equations
The strain–displacement relations are given by
feig ¼ eix eih eiz cixz cixh cizh
 T
¼ @uixðx; tÞ
@x
uizðx; tÞ
Rþ z
@uizðx; tÞ
@z
@uixðx; tÞ
@z þ
@uizðx; tÞ
@x 0 0
	 
T
ð25Þ
The strain energy can be taken the form as
W ¼ 1
2
X
i
Z
Vi
ðrixeix þ riheih þ rizeiz þ sixzcixzÞdVi ð26Þ
where Vi is the volume of each layer. The kinetic energy is given by
T ¼ 1
2
X
i
Z
Vi
qi _u
i
x
 2 þ _uiz 2h idVi ð27Þ
where qi is the mass density of each layer, and qt = qb = qf. Let fx, fz
denote the x and z components of the external force per unit area
acting at the boundary. The expression of the external energy can
be written as
We ¼ 
Z
s
ðfxux þ fzuzÞds ð28Þ
The detailed expressions of the strain energy, kinetic energy and
external energy are given in Appendix A.
In present paper, the face sheets are manufactured from isotro-
pic materials and, the prismatic core can be regarded as cylindrical
orthotropic medium (see Section 5). Thereby the constitutive rela-
tions for each layer can be written as
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rih
riz
sixz
26664
37775 ¼
Ci11 C
i
12 C
i
13 0
Ci22 C
i
23 0
Ci33 0
sym Ci44
266664
377775
eix
eih
eiz
cixz
26664
37775
¼
Ci29January2009 C
i
xxhh C
i
xxzz 0
Cihhhh C
i
hhzz 0
Cizzzz 0
sym Cixzxz
2666664
3777775
eix
eih
eiz
cixz
26664
37775
ð29Þ
For the isotropic metal face sheets, the stiffness matrix is easy to be
obtained and, for the core, the stiffness coefﬁcients are obtained via
the homogenization procedure (see Section 2). By substituting the
expressions of the strains, Eq. (25), into Eq. (29), the stresses are ob-
tained. Then the resulting stresses are substituted into the expres-
sions of the stress resultants N and moment resultants M in
Appendix A with the results of the stress-displacement relations.
The equations of motion are derived from the Hamilton’s Prin-
ciple. The variational formulation is
L ¼ W  T We; d
Z t2
t1
Ldt ¼ 0 ð30Þ
which leads to the governing equations for the sandwich tube in a
matrix form as
L11 L12 L13 L14 L15 L16 L17
L12 L22 L23 L24 L25 L26 L27
L13 L23 L33 L34 L35 L36 L37
L14 L24 L34 L44 L45 L46 L47
L15 L25 L26 L27 L55 L56 L57
L16 L26 L36 L46 L56 L66 L67
L17 L27 L37 L47 L57 L67 L77
266666666664
377777777775
ua
ud
uax
udx
/
wa
wd
266666666664
377777777775
¼
0
0
0
0
0
dpðx; tÞ
dpðx; tÞ
266666666664
377777777775
þ q @
2
@t2
ua
ud
uax
udx
/
wa
wd
266666666664
377777777775
ð31Þ
where Lij is the 2D partial differential operators and, q is the mass
matrix. Their expressions are provided in Appendix B, and
d = 1  (hc + 2hf)/(2R).
3.3. Solution procedure
3.3.1. Critical velocity (The so called steady state model)
Simkins (1994) investigated the ampliﬁcation of ﬂexural waves
in gun tubes, and indicated that the dynamic strains exceeded
there times those predicted by Lame formula under static loading
with the same nominal loading pressure, when the velocity of pro-
jectile was close to the lowest axial symmetric critical velocity of
the gun tube. This phenomenon was also discovered by Beltman
et al. (1999) and Beltman and Shepherd (2002) in the investigation
on the structural response of tube to shock and detonation loading.
Furthermore, the lowest phase velocity for axial symmetric ﬂexural
waves is the lowest critical velocity, vcr, for the cylinder (Simkins,
1994). Note that the investigation on the critical velocity of the
sandwich tube is on the basis of the assumptions that the pressure
moving in constant velocity and the tube is inﬁnite.
For the propagation of axial symmetric free harmonic waves in
the inﬁnite sandwich tube, the dispersion equation is obtained
from the homogeneous part of Eq. (31) by substitutingx ¼ Ua Ud Ua Ud Uc Wa Wd
 T
eikðxvtÞ ð32Þ
where k is the wave number and, v is the phase velocity. The deter-
minant of the coefﬁcients Ua, Ud, Ua, Ud, Uc, Wa andWd should van-
ish, resulting in a quite long 14-order dispersion equation. For each
value of k, twelve roots of v can be solved from the dispersion equa-
tion; however we just need the minimum one. Using these values of
k and v, the lowest branch of the dispersion relation can be con-
structed. The minimum phase velocity shown on the dispersion
curve is the critical velocity.
3.3.2. Elastic dynamic structural response
The elastic dynamic structural response is investigated on the
basis of the assumptions that only the transversal inertia, with re-
spect to z- direction in Fig. 2b, is retained, and the sandwich tube is
ﬁnite with the length of L. Corresponding to the simple supported
conditions on both ends of the tube, i.e.,
at x ¼ 0; L wa ¼ wd ¼ 0; Nax ¼ Ndx ¼ 0; Max ¼ Mdx ¼ 0 ð33Þ
where
Nax ¼ 12ðNtxþNbxÞ¼2hf Cf11 @
2ua
@x2 þ2Khf Cf11 @
2ud
@x2 þ
h3f
6RC
f
11
@2uax
@x2 þ2hf Cf12 w
a
R
Ndx ¼ 12ðNtxNbxÞ¼2Khf Cf11 @
2ua
@x2 þ2hf Cf11 @
2ud
@x2 þ
h3f
6RC
f
11
@2udx
@x2 þ2hf Cf12 w
d
R
Max ¼ 12ðMtxþMbxÞ¼
h3f
6RC
f
11
@2ua
@x2 þ
h3f
6 C
f
11
@2uax
@x2 þK
h3f
6 C
f
11
@2udx
@x2
Mdx ¼ 12ðMtxMbxÞ¼
h3f
6RC
f
11
@2ud
@x2 þK
h3f
6 C
f
11
@2uax
@x2 þ
h3f
6 C
f
11
@2udx
@x2
the spatial dependence can be written as products of Fourier series
and the complete form can be taken as
waðx; tÞ ¼
X1
m¼1
WamðtÞ sinðkmxÞ ð34Þ
wdðx; tÞ ¼
X1
m¼1
WdmðtÞ sinðkmxÞ ð35Þ
uaðx; tÞ ¼
X1
m¼1
UamðtÞ cosðkmxÞ ð36Þ
udðx; tÞ ¼
X1
m¼1
UdmðtÞ cosðkmxÞ ð37Þ
uaxðx; tÞ ¼
X1
m¼1
UamðtÞ cosðkmxÞ ð38Þ
udxðx; tÞ ¼
X1
m¼1
UdmðtÞ cosðkmxÞ ð39Þ
/ðx; tÞ ¼
X1
m¼1
UcmðtÞ cosðkmxÞ ð40Þ
where km =mp/L. The boundary conditions, Eq. (33), are identically
fulﬁlled. Considering the transversal inertia only, the ﬁrst ﬁve equa-
tions of Eq. (31) are homogenous. By substituting the expressions of
displacement components, Eqs. (34)–(40), into the ﬁrst ﬁve equa-
tions of Eq. (31), the coefﬁcients, Uam, U
d
m, U
a
m, U
d
m and U
c
m can be rep-
resented as the expressions with respect to Wam and W
d
m. Eqs. (36)–
(40) are substituted into the last two equations of Eq. (31), and then
the equations for Wam and W
d
m are given by
€Wam ¼ C1Wam þ C2Wdm þ C3fmðtÞ
€Wdm ¼ D1Wam þ D2Wdm þ D3fmðtÞ
ð41Þ
where
fmðtÞ ¼ 2L
Z L
0
dpðx; tÞ sinðkmxÞdx ð42Þ
with the coefﬁcients Ci, i = 1,2,3 and Di, i = 1,2,3 being functions of
m, whose expressions are not provided in present paper because
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as
pðx; tÞ ¼ 0 x > vpt
pðx; tÞ ¼ p0 x 6 vpt
	
ð43Þ
where vp is the velocity of the moving pressure. Therefore, fm(t) is
given by
fmðtÞ ¼ 2Lkm dp0ð1 cosðkmvptÞÞ ð44Þ
Let x1 ¼ Wam, x2 ¼ _Wam, x3 ¼ Wdm, x4 ¼ _Wdm, then Eq. (41) can be
rewritten as
_x ¼ Axþ f ð45Þ
where
x ¼ x1 x2 x3 x4f gT
A ¼
0 1 0 0
C1 0 C2 0
0 0 0 1
D1 0 D2 0
26664
37775
f ¼ 0 C3fmðtÞ 0 D3fmðtÞf gT
The solutions of Eq. (45) are obtained using the precise integration
method (Zhong, 2004) and zero initial conditions are considered.Fig. 8. Schematic diagram of the computation model and ﬁnite elemeHowever this solution is valid only for a time period of L/vp. This
is because the formulation of the model is based on a loading mov-
ing at a constant velocity vp (Mirzaei et al., 2006). As the shock load-
ing leaves the tube, the tube will be forced to vibrate by the
constant pressure p0, with the initial condition inherited from the
previous loading stage.4. Finite element simulations
Theﬁnite element simulations are carried out using the commer-
cial softwareABAQUS. Several transient elastic analysesare carried
out to obtain the structural response of the sandwich tube tomoving
internal shock loading. For the effectivemodel (EM)with the ‘‘effec-
tive” homogenized core, 400 rotary symmetric solid elements
(CAX4R) in axial direction, ﬁve elements in the radial direction for
the face sheets, and 20 elements in the radial direction for the core
are used, as shown in Fig. 8a. Since the computation with the full-
scale structure is expensive, towunit cellwith theperiodicboundary
conditions in the circumferential direction are used for the complete
model (CM)with the discrete core having the realmicrostructure, as
shown in Fig. 8b. Moreover, 200 shell elements (S4R; Average ele-
ment size for the instance is 0.005) in axial direction are used. The
internal wall of the bottom face sheet is divided into 200 segments.
Each segment is subject to the pressurepi, which is a function of time
and position, as represented as:nt meshes of the effective model (a) and the complete model (b).
Table 2
Material and geometric properties of the sandwich tube.
E (Pa) q (kg/m3) t Rin (m) Rout (m) hf (m) hc (m) L (m)
193  109 8  103 0.23 0.14 0.19 0.005 0.04 1
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0 t < xðiÞ=vp
p0 t P xðiÞ=vp
	
i ¼ 1;2; . . . ;200 ð46Þ
where x(i) = L/400 + (i  1)L/200 is the position of pi, as shown in
Fig. 9.
The change of the structural response is very small when the in-
ter wall is divided into more segments; hence, the results of FE
simulations are convergent.
Under dynamic loading condition, the structural responses is
much larger than the equivalent static response. Therefore an
important factor in design for dynamic loading is the dynamic
ampliﬁcation factor, which is deﬁned as the ratio of the maximum
displacement in radial direction to the static displacement for the
same nominal internal pressure (Beltman and Shepherd, 2002).
The dynamic ampliﬁcation factor can be taken the form as
D ¼ wmax
wsta
ð47Þ5. Numerical example
The material properties of the face sheet and the cell wall of the
core and, the geometric properties of the tube are given in Table 2,
which is slightly different from Beltman and Shepherd (2002).
The stiffness coefﬁcients of the prismatic core are obtained via
homogenization procedure, as demonstrated in Table 3. The rela-
tive density for each core is a constant, 0.25. Hence, the thickness
of the cell wall is different from each other, which is also shown
in Table 3. The effective constitutive relations indicate that pris-
matic cores can be regarded as cylindrical orthotropic solids. The
positions
of radial displacement gages are depicted in Fig. 10 and listed in
Table 4.
5.1. Numerical veriﬁcations for the effective model (EM)
According to Liu et al. (2007), the validity and accuracy of the
effective model are checked using the FE simulations, as presented
below. The material and geometric properties of the sandwich tube
have been listed in Table 2. For different cores topologies with
same relative density, the thickness of the cell wall are different
from each other, as illustrated in Table 3. The complete model
and effective model for FE simulations have been represented in
Section 4. The sandwich tube is subjected to static internal uniform
pressure, p0 = 5  106Pa, on the bottom (or inner) face sheet. The
strain energy, of sandwich tubes, and radial displacements and
Mises stress of the top and bottom face sheets, at the location of
gage 4, are obtained via FE simulations, as shown in Table 5. For
the effective model, the Mises stresses and radial displacements
on the middle plane of the face sheet are obtained. Because of
the stress concentration at the intersection of the cell wall and
the face sheet, the distribution of stress on the face sheet is not uni-
form. Thus, for the complete model, both the maximum and min-Fig. 9. Schematic diagram of the mimum Mises stresses and radial displacements of the face sheets
are obtained. Good agreements of the structural responses (Table
5) as well as the ﬁrst ten natural frequencies (Table 6) between
the effective model (EM) and the complete model (CM) conﬁrm
the validity and accuracy of the effective model with the ‘‘effective”
homogenized core.
5.2. Structural responses
Consider a uniform internal step pressure pulse (not moving
loading) ﬁrstly, as represented below
pðtÞ ¼ p0 for t > 0 ð48Þ
where p0 = 5 MPa. Under this dynamic loading condition, the radial
displacement histories of the sandwich tube with Kagome core, at
the locations of gages 4 and 8, are depicted in Fig. 11. These results
are obtained using the effective model and the complete model
(both solutions are FE simulations), as well as the transient analyt-
ical model based on the sandwich shell model proposed in Section
3. The general ﬁnding is that the displacement histories of the effec-
tive model are very similar to those of the transient analytical mod-
el. Both displacement histories of these two models are similar to
those of the complete model at the location of gage 8, but there is
a discrepancy at the location of gage 4. However, the predicted
amplitudes of the effective model and the transient analytical mod-
el are in reasonable agreement with those of the complete model at
the location of gage 4. Therefore, in the case of dynamic loading (not
moving loading), the effective model is also reasonably efﬁcient.
To the moving shock loading with p0 = 5 MPa, the radial dis-
placement histories of the sandwich tube with Kagome core, at
the location of gage 4, are obtained using the transient analytical
model. The results and comparisons with the FE simulations are
shown in Fig. 12. The plots in the ﬁrst row of this ﬁgure are for a
low moving velocity, v = 600 m/s (below the critical velocity of
the effective model), which are observed that the predicted dis-
placement histories of the effective model and the transient ana-
lytical model are in good agreement with those of the complete
model. When the loading moves at other two velocities,
v = 800 m/s and v = 1150 m/s (i.e. the approximate critical veloci-
ties of the effective model and the complete model, respectively),
it can be observed that there is also a great agreement between
the effective model and the transient model, but large difference
between the complete model and the effective model because of
their different critical velocities (discussed in detail subsequently).
Furthermore, the displacement histories predicted by the complete
model (Fig. 12g) are in good agreement with those predicted by theoving internal shock loading.
Table 3
Effective continuum relations of the prismatic core.
Unit cell Effective continuum relations
rx
rh
rz
shz
sxz
sxh
26666664
37777775 ¼ E
0:2640 0:0430 0:01772 7:7364 1019 0 0
0:1869 3:6613 1031 5:5885 1018 0 0
0:07705 2:2146 1018 0 0
0:002274 0 0
sym 0:007416 0
0:01799
26666664
37777775
ex
eh
ez
chz
cxz
cxh
26666664
37777775
rx
rh
rz
shz
sxz
sxh
26666664
37777775 ¼ E
0:2640 0:04390 0:01681 1:0528 1018 0 0
0:1389 0:05197 3:2651  1018 0 0
0:02112 3:8916  1018 0 0
0:05288 0 0
sym 0:007035 0
0:01837
26666664
37777775
ex
eh
ez
chz
cxz
cxh
26666664
37777775
rx
rh
rz
shz
sxz
sxh
26666664
37777775 ¼ E
0:2640 0:05044 0:01027 1:3666 1018 0 0
0:1873 0:03201 5:1216 1018 0 0
0:01262 2:3834 1018 0 0
0:03240 0 0
sym 0:004296 0
0:02111
26666664
37777775
ex
eh
ez
chz
cxz
cxh
26666664
37777775
rx
rh
rz
shz
sxz
sxh
26666664
37777775 ¼ E
0:2640 0:03823 0:02248 1:1138 1021 0 0
0:1417 0:02453 2:0912 1018 0 0
0:07323 2:2607 1018 0 0
0:02480 0 0
sym 0:009409 0
0:01560
26666664
37777775
ex
eh
ez
chz
cxz
cxh
26666664
37777775
rx
rh
rz
shz
sxz
sxh
26666664
37777775 ¼ E
0:2640 0:05043 0:01029 7:6298 1019 0 0
0:1878 0:03149 1:0823 1018 0 0
0:01324 1:9747 1018 0 0
0:03277 0 0
sym 0:004305 0
0:02110
26666664
37777775
ex
eh
ez
chz
cxz
cxh
26666664
37777775
Fig. 10. Positions of gages.
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(Fig. 12e), when the loading moves at the critical velocities. These
good agreements, especially with the effective model, validate theTable 4
Position of gages (Beltman and Shepherd, 2002).
Gages 1 2 3 4 5 6 7 8 9
x 0.10 0.18 0.33 0.5 0.66 0.82 0.88 0.92 0.96
Table 6
First ten natural frequencies.
Cell Shapes Rectangular Diamond Triangle-6 Triangle-8 Kagome
1 CM 1228.1 1227.7 1227.4 1228.2 1227.6
EM 1227.6 1227.4 1227.3 1227.6 1227.3
2 CM 2910.2 3343.3 3527.9 3523.9 3533.9
EM 3553.1 3439.4 3536.4 3531.3 3538.2
3 CM 3090.2 3394.3 4111.7 4081.4 4147.6
EM 4358.4 3737.0 4190.0 4163.4 4207.2
4 CM 3373.8 3511.0 4222.8 4192.8 4261.9
EM 4978.7 3807.9 4273.7 4269.5 4292.6
5 CM 3556.1 3628.3 4305.2 4311.0 4344.9
EM 4544.8 3860.5 4323.5 4333.2 4342.4
6 CM 3740.4 3713.2 4403.8 4436.4 4411.2
EM 4617.6 3954.7 4367.6 4430.6 4386.8
7 CM 4171.3 3777.1 4540.5 4729.9 4582.1
EM 4693.6 4058.7 4442.2 4507.0 4461.7
8 CM 4340.9 3873.3 4776.1 5144.1 4825.7
EM 4783.1 4124.3 4497.9 4647.3 4517.7
9 CM 4480.3 3998.7 5059.5 5633.8 5123.5
EM 4931.5 4272.1 4567.3 4840.1 4586.6
10 CM 4575.6 4125.3 5105.8 6168.9 5358.9
EM 5108.6 4272.1 4632.6 5062.5 4639.3
Table 5
Strain energy (E,J), radial displacements (wt, wb, 105m) and Mises stress
rtM ;rbM ;10
7 PaÞ.
Cell Shapes Rectangular Diamond Triangle-6 Triangle-8 Kagome
E CM 85.3357 175.3984 151.9182 94.8352 140.5168
EM 78.5255 174.5090 145.9190 93.0943 141.8720
wt CM 3.3463 4.0917 2.9026 3.7520 2.6815
3.1128 3.8031 2.7107 3.6726 2.6590
EM 3.1941 3.8046 2.4954 3.5331 2.5171
wb CM 4.1452 8.2650 7.1097 4.5880 6.6143
3.8505 8.1657 6.9618 4.5306 6.5877
EM 3.6980 8.1792 6.7775 4.4039 6.5774
rtM CM 4.3028 5.5026 4.0994 4.3909 3.0159
1.9084 2.5208 2.0431 3.4966 2.6034
EM 3.2755 3.8465 2.5651 3.5861 2.6082
rbM CM 7.7049 11.7773 10.4250 6.5780 9.0426
3.3963 10.1933 8.2513 5.7366 8.7031
EM 5.0634 10.8792 9.0769 6.0021 8.8363
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posed in present paper.
5.3. Critical velocity and ampliﬁcation factors
The lowest dispersion curves for the sandwich tubes with dif-
ferent cell topologies obtained using the so called steady state
model are shown in Fig. 13. The lowest critical velocity can be ob-
tained by extracting the minimum values of the lowest dispersion
curves from Fig. 13, as demonstrated in Table 7.
The dynamic ampliﬁcation factors are obtained by Eq. (47) as
the ratio of the peak radial displacement to the static displace-
ment, as shown in Figs. 14 and 15. It should be noted that the
structural response is calculated up to the time of reﬂection of
the shock wave at the end of the tube(i. e. a period of L/vp) (Belt-
man et al., 1999). The results show that the ampliﬁcation factors
increase dramatically when the velocity of moving loading is
close to the critical velocity. The critical velocities extracted from
the plots of the ampliﬁcation factors (Fig. 14) are also illustrated
in Table 7. Note that, in this table, SM denotes the so called stea-dy state model, TM denotes transient analytical model, and CM
and EM denote the FE simulations of the complete model and
the effective model, respectively. The transient analytical model
appears to give the best overall agreement with the effective
model, as shown in Figs. 14 and 15. Furthermore, the critical
velocity predicted using the steady state model is slightly smaller
than those predicted using the transient model and the effective
model. However, the critical velocities obtained via the complete
model are much higher, and the critical velocities for the bottom
and top face sheets are different. It is noted that the critical veloc-
ities in Table 7 are for the bottom face sheet (Fig. 14). Due to the
transverse compression of the core, the ampliﬁcation factors of
the top face sheet are higher than that of the bottom face sheet.
An excellent agreement between the transient analytic model and
the effective model indicates that the sandwich shell model pro-
posed in present paper is capable of predicting the critical
velocity.
5.4. Inﬂuence of the relative density of the core
For prismatic cellar materials, the properties for loading bear-
ing and active cooling are strongly dependent on the cellular
structure(Seepersad et al., 2006). In present paper, preliminary
study on the optimal design of the sandwich tube for loading
bearing is done by changing the thickness of the cell wall (or
the relative density of the core). The capabilities of loading bear-
ing for sandwich tubes with different cell topologies are com-
pared with the monolithic tube with the same internal radius
and weight. For the sandwich tubes and the corresponding mono-
lithic tube subjected to static uniform internal pressure with
p0 = 5 MPa, the radial displacements on the middle plane of the
face sheets and the monolithic tube, at the location of gage 4,
are obtained by elastic solutions (Kardomateas, 2001), as shown
in Fig. 16. For the stiff core, such as rectangle and triangle-8,
the displacement of the top face sheet is close to that of the bot-
tom face sheet, and it behaviors as the monolithic tube. However,
for the soft core, such as Kagome, triangle-6 and diamond, the dis-
crepancy, between the displacements of the top face sheet and
that of the bottom face sheet, is large, which implies that the
compressibility is important for this category of core. In
Fig. 16a, it is seen that the radial displacements of the top face
sheet, for the Kagome and triangle-6 sandwich tubes, are almost
the same, and are smaller than that of the sandwich tubes with
other cores and the corresponding monolithic tube, when the rel-
ative density is less than 0.25. As a consequence, under the static
loading conditions, with the geometric dimensions speciﬁed and
the relative density varied only, Kagome and triangle-6 are the
preferred topologies, and diamond the worst. Furthermore, the
smaller the relative density, the greater the advantage of the load
bearing capability for the sandwich tube with Kagome and trian-
gle-6 core.
Under the moving loading condition, the maximum radial dis-
placements of the sandwich tubes are obtained using the transient
analytical model, and those of the monolithic tube are obtained by
the transient model proposed by Mirzaei (2005), as shown in
Fig. 17. It is seen that the maximum radial displacements of the
top face sheet of the sandwich tubes are larger than that of the
monolithic tube; however Kagome and triangle-6 are still the pre-
ferred topologies among all topologies. The maximum ampliﬁca-
tion factors are shown in Fig. 18, which are observed that the
factors of the top face sheet are slightly larger than those of the
bottom face sheet for the stiff core, but greatly larger for the soft
core. The results indicate that the proposed sandwich shell model
is capable of capturing the characteristic of the compressibility for
the core with the ‘‘weak” orientation coinciding with the structures
transverse normal direction.
Fig. 12. Radial displacement histories of the sandwich tube with Kagome core to shocking loading for gage 4. The left column is for the complete model, the middle column is
for the transient model, and the right column is for the effective model. (a), (b) and (d) moving velocity is 600 m/s; (d), (e) and (f) moving velocity is 800 m/s. (g), (h) and (i)
moving velocity is 1150 m/s. Solid line: top face sheet, dot line: bottom face sheet.
Fig. 11. Radial displacement histories of the sandwich tube with Kagome core to step loading. Left column is for gage 4, the right column is for gage 8. (a,b) complete model,
(c,d) transient analytical model, (e,f) effective model. Solid line: top face sheet, dot line: bottom face sheet.
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Table 7
Critical velocities of the sandwich tubes.
Rectangle Diamond Triangle-6 Triangle-8 Kagome
SM 861.16 811.2 756.73 904.31 758.34
TM 944 866 799 999 801
FEM (EM) 920 900 800 1000 800
FEM (CM) 1450 1700 1150 1800 1150
Fig. 14. Dynamic ampliﬁcation factor for the bottom face sheet at the position of gage 4
Rectangle, (b) diamond, (c) triangle-6, (d) triangle-8, (f) Kagome.
Fig. 13. Lowest dispersion curves of the sandwich tube with different prismatic cores.
2366 J. Zhou et al. / International Journal of Solids and Structures 46 (2009) 2354–2371The critical velocities of the sandwich tubes and the monolithic
tube are shown in Fig. 19, which is evidently illustrated that the
critical velocity of the monolithic is greatly larger than those of
the sandwich tubes, and the harder the core, the larger the critical
velocities.
In present study, only the inﬂuence of the relative density on the
structural response is studied. However, several parameters, such as
thickness of the face sheet, radius of the tube, number of layers of the: h, complete model; s, effective model; solid line, transient analytical model. (a)
Fig. 15. Dynamic ampliﬁcation factor for the top face sheet at the position of gage 4: h, complete model; s, effective model; solid line, transient analytical model. (a)
Rectangle, (b) diamond, (c)triangle-6, (d) triangle-8, (f) Kagome.
Fig. 16. Radial displacement of the tube to static loading (uniform internal pressure, p0 = 5MPa). (a) Top face sheet and monolithic tube, (b) bottom face sheet.
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inﬂuence the structural response,which are not considered. In other
words, the results are not the full-optimization. In addition, the
monolithic tube is not provided with the capabilities of thermal
management; however the sandwich tubes can be used as the efﬁ-
cient structural heat exchangers (Lu, 1998). The multifunctional
properties of the prismatic sandwich tubes are the motivation for
us to apply the prismatic materials into the design for the PDE tube,
although the capabilities of bearing moving shock loading may be
not better than that of the monolithic tube (Fig. 17a).6. Conclusions
For designing of the metal prismatic sandwich tube subjected to
shock loading, the ﬂexural waves and critical velocity are very
important, as the monolithic tubes. The dynamic structural re-
sponse has been studied extensively by FE simulations and tran-
sient analyses, and the inﬂuences of the critical velocity and the
relative density on the structural response has been demonstrated
in present paper. The following conclusions are drawn from the
present investigation:
Fig. 17. Maximum radial displacement of the tube to moving shock loading (p0 = 5 MPa). (a) Top face sheet and monolithic tube, (b) bottom face sheet.
Fig. 18. Maximum ampliﬁcation factor of the tube to moving loading (p0 = 5 MPa).
(a) Top face sheet and monolithic tube, (b) bottom face sheet.
Fig. 19. Critical velocity of the sandwich tube to moving loading. (a) The transient
model, (b) the steady state model.
2368 J. Zhou et al. / International Journal of Solids and Structures 46 (2009) 2354–2371(1) The proposed homogenization procedure is capable of
obtaining the effective constants for the prismatic core efﬁ-
ciently. The proposed structural model of the sandwich tube
that not only considers the transverse shear deformation
and the rotary inertia but also takes the compressibility of
the core into account, can predict the static and dynamic
structural responses of the prismatic metal sandwich tube
efﬁciently.
(2) The transient analytical model and the steady state model
can predict the critical velocity of the effective model with
the ‘‘effective” homogenized core. Moreover, the critical
velocity predicted using the complete model with the
discrete core having the real microstructure, is different
from that predicted using the models with the ‘‘effective”
homogenized core. However, the structural response and
the maximum ampliﬁcation factors obtained using the com-
plete model are nearly similar to that obtained using other
models, when the shock loading moves at the critical
velocities.
(3) It is shown that there are tow categories of cores in terms
of the degree of compression of the core: namely, the stiff
core with little compression, and the soft core with a large
amount of compression. The modeling of the sandwich
structure with such soft prismatic cores must take the
compressibility of the core into account, as the model pro-
posed in present paper. Considering the inﬂuence of the
relative density on the structural response only, it is
shown that Kagome and triangle-6 are preferred, and dia-
mond is worst.
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The detailed expression of strain energy is given by 1
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The detailed expression of kinetic energy is given by
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The detailed expression of external energy is given by
We ¼ 
Z Z
s
ðfxux þ fzuzÞds ¼ 2pR
Z l=2
l=2
½Ftxut þmtxutx þ qtwt dx
 2pR
Z l=2
l=2
½Fbxub þmbxubx þ qbwbdx 2pR½Ntx ut þMtx utx
þ Q tx wt x¼l=2x¼l=2  2pR½Nbx ub þMbx ubx þ Q bx wbx¼l=2x¼l=2
 2pR½Ncx uc þMcx ucx þ Q cx wc þMcxzuczx¼l=2x¼l=2
where
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b
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b
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b
x
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c
x M
c
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c
h M
c
h N
c
z Q
c
x M
c
xz
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hc=2
rcx rcxz rcxz2 rchR=ðRþzÞ rchzR=ðRþzÞ rcz scxz scxzz
 ð1þz=RÞdz
Ftx q
t mtz
 ¼ ½fxð1þz=RÞz¼ðhcþ2hf Þ=2 ½fzð1þz=RÞz¼ðhcþ2hf Þ=2 ½fzzð1þz=RÞz¼ðhcþ2hf Þ=2n o
Fbx q
b mbz
n o
¼ ½fxð1þ z=RÞz¼ðhcþ2hf Þ=2 ½fzð1þ z=RÞz¼ðhcþ2hf Þ=2 ½fzzð1þ z=RÞz¼ðhcþ2hf Þ=2
n o
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t
x Q
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fx fxz fzf gð1þz=RÞdzn o Z hc=2
Nbx M
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x Q
b
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fx fxz fzf gð1þ z=RÞdzNcx M
c
x Q
c
x M
c
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  ¼ Z hc=2
hc=2
fx fxz fz fzzf gð1þ z=RÞdz
K ¼ ðhf þ hcÞ=ð2RÞ
where h = R2  R1 = 2hf + hc, R = (Ri + Ro)/2.
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q ¼
2qf hf þ qchc 2Kqf hf þ qc h
2
c
6R
hf
12R ð2qf h
2
f  qch2c Þ qc
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where at ¼ ln 1þðhcþ2hf Þ=2R1þhc=2R
 
; ab ¼ ln 1hc=2R1ðhcþ2hf Þ=2R
 
; ac ¼ ln 1þhc=2R1hc=2R
 
;
bc ¼ hc  Rac; gc ¼ R2ac  Rhc; K ¼ ðhf þ hcÞ=ð2RÞ; j2 = 0.86 is the
shear coefﬁcient.
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